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such that 7, and its first n derivatives have the same values at x = g as fand its first n deriva-
tives. By differentiating repeatedly and setting x = a, show that these conditions are satisfied
if co = f(a), ci'=f'a), c; = § ¥ "(a); andin general

_ M)
" h
where k! = 1+ 2+3+4 -+ «k The resulting polynomial
" )
1w =@+~ + L gy LD gy

is called the nth-degree Taylor polynomial of f centered at a:

6. Find the eighth-degree Taylor polynomial centered at a = 0 for the function f(x) = cos x.
Graph f together with the Taylor polynomials T, Tx, T, Ty int-the viewing rectangle [ =5, 5]
by [— 1.4, 1.4] and comment on how well they approximate f.

Review CONCEPT CHECK
1. State each of the following differentiation rules both in 3. (a) How is the number ¢ defined?
symbols and in words. (b) Express e as a limit.
(a) The Power Rule (c) Why is the natural exponential function y = ¢” used more
(b) The Constant Multiple Rule often in calculus than the other exponential functions
(¢) The Sum Rule y=al
(d) The Difference Rule (d) Why is the natural logarithmic function y = In x used
(e) The Product Rule more often in calculus than the other logarithmic functions
(f) The Quotient Rule y = log, x?

(g) The Chain Rule
4. (a) Explain how implicit differentiation works.

2. State the derivative of each function. (b) Explain how logarithmic differentiation works.

(@ y=x" (b) y=e¢" ©y=a

(d y=Inx (&) y =logax (f) y=sinx 5. What are the second and third derivatives of a function f? If f
(g8) y=rcosx () y=tanx (i) y=cscx is the position function of an object, how can you interpret f”
(j) y=secx (k) y = cotx 1) y=sin"lx and f™?

(m) y=cos"'x (n) y=tan'x (0) y =sinhx

(p) y=coshx (q) y = tanhx (r) y =sinh ™ 6. (a) Write an expression for the linearization of f at a.

(s) y=cosh™'x (t) y=tanh™'x (b) If y = f(x), write an expression for the differential dy.

TRUE-FALSE QUiZ

Determine whether the statement is true or false. If it is true, explain why. . . d — f(x)
If it is false, explain why or give an example that disproves the statement. 8. If £ is differcntiable, then dx f) = 24/f(x)
1. If f and g are differentiable, then £(x)

d

5. If f is differentiable, then — f(/x) = :
LT + gl = ) + 909 w3

. 6. If y =e? theny’ = 2e.
2. If f and g are differentiable, then
4 7. %(10*) = x10*7!
I Lf(x)g(x)] = f'(x)g'(x)

1

d
8. E(ln 10) =

3. If f and g are differentiable, then 10

d ’ ’ [ i 24} = i 2
o LF(g(xD] = f'(g(x)g'(x) 9. = (tan’x) . (sec®x)



4. 1 £() = 1/@x ~ 1Y%, find £7(0).
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10, L x4 x] = (20 4 1] y _ (&Y
dx e o=
11. If g(x) = x°, then lim 9(x) — 9(2) =80 13. An equa.tion of the tangent line to the parabola y = x? at
=2 x—2 (=2,4)isy — 4 = 2x(x + 2).
EXERCISES
1-46 = Calculate y'. 48. If g(r) = csc 2¢, find g”(—n/8).
= 1 @F'd"'f6+ S=1.
1)y = (x + 2)%(x + 3)° 2 y=Yi+-r R
Vx ~" 80, Find f2(x) if f(x) = 1/Q — »).
3 y= X 4 y= e’ 51. Use mathematical induction to show that if f(x) = xe®, then
R V9 — 4x 1+ x? FO%) = (x + n)e*.
* B,)y = sin(cos x) 6. y =sin"(e”) 3
(N 52. Evaluate hm 3
7. y=xe 8 y=ux'e” 2
L 1 B - T . .
[ 9 y=tan JI—x 10, y=— : 53 .57 = Find an equation of the tangent to the curve at the given
s sin(x — sin x) point.
V7 Fs
X 1 / 4 — X
" y= 12 y=|x+— 53)y= . (2.1
YT R T Y <x x2> U xt -2
13, y = sec 26 W y= -2/ 8. Vx+4y=3 41
15, y=(@0-x1"1 16. y = In(csc 5x) 655\)’ =tanx, (m/3,43)
J1. y = e“(csinx — cos x) 18. y = In(x%%) b. y =xv1+x? (1,v2)
19. y = eex 20. y= gxtanx ( 57;) y= ln(e” + ez"), (0, In 2)
2. x2y 43y =x—dy 2 xtany=y—1 ey '()' T ;) i
) am 58. If f(x) = xe*™" find f'(x). Graph f and f’ on the same screen
23 y={xtanx 28, y =sec(l + x?) . am]; comment. f ph f and f
B oxi=yy+ D) %. y=1/x+Jx 59, (a) If £(x) = xv/5 — %, find £'().
B (x — D(x — 4) . (b) Find equations of the tangent lines to the curve
Z.y= (x = 2)(x — 3) 8. y = vsinvx - y = x+/5 — x at the points. (1,2) and (4, 4). -
2. y = logi(x® — ) 0. y— ecos‘x + cos(e”) :‘E (c) Ilustrate part (b) by graphing the curve and tangent lines.
' an (d) Check to see that your answer to part (a) is reasonable by
31. y =Insinx — jsin’ (32 y= arctan(arcsin /x) comparing the graphs of f and f'.
. o
33, y = sin(tan T + x3) M. xe?=y—1 60. (a) If f(x) = 4x —tanx, —7/2 < x < 7/2, find f’ and f".
e (x + A E‘E (b) Check to see that your answers to part (a) are reasonable
35. y = cot(3x* + 5) 3. y= Ty ) by comparing the graphs of f, f', and f".
x L
. G‘DAt what points on the curve y =sinx + cos x, 0 < x < 27, is
37.; y = cos¥(tan x) 38 y= S mx the tangent line horizontal?
- X .
62y Find the points on the ellipse x> + 2y? = 1 where the tangent
v+ 12 -xF ;
38 y= x—(+(—3)7i) 40. y = In |csc 3x + cot 3x| line has slope 1.
X
J 63. If f(x) = (x — a)(x — b)(x — ¢), show that
M)} y = xsinh(x?) 42. y = xo*
yod - f’(x)= 1 4 1 + 1
43. y = In(cosh 3x) 44.y=1n;+5‘ f x—a x-b x-c
X
b 64. (a) By differentiating the double-angle formula
{ 45./)y = cosh !(sinh x) 8. y = xtanh™'/x ) .,
~ : cos 2x = cos’x — sin’x

obtain the double-angle formula for the sine function.
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ij;).‘*“ind a parabola y = ax® + bx + c that passes through the
point (1, 4) and whose tangent lines at x = —1 and x = 5 have
slopes 6 and —2, respectively.

(b) By differentiating the addition formula
sin(x + a) = sin xcos @ + cos xsina

obtain the addition formula for the cosine function.
82. The function C(f) = K(e™™ — ¢™*"), where a, b, and K are pos-

65. Suppose that A(x) = f(x)g(x) and F(x) = f(g(x)), where itive constants and b > a, is used to model the concentration at
f(2)=3,9(2) =5,9'(2) = 4, f(2) = =2,and f(5) = 11. time ¢ of a drug injected into the bloodstream.
Find (a) #'(2) and (b) F'(2). (a) Show that lim,_...C() = 0.
;‘\V 66:> f fand g are the functions whose graphs are shown, let (b) F.ind C’.(z), the rate at which the drug is cleared from
7 P(x) = f(x)g(x), Q(x) = f(x)/g(x), and C(x) = f(g(x)). Find circulation.
(a) P'(2), (b) Q'(2), and (c) c'Q2). (c) When is this rate equal to 07

83. An equation of motion of the form s = Ae™“cos(wt + ) rep-
resents damped oscillation of an object. Find the velocity and
acceleration of the object.

84. A particle moves along a horizontal line so that its coordinate
at time £ is x = /b? + ¢2¢%, t = 0, where b and ¢ are positive
constants.

(a) Find the velocity and acceleration functions.
(b) Show that the particle always moves in the positive
direction.

icle-moves on-a-vertical line so that its coordinate at time
% y=1— 12t + 3,:= 0.

(a) Find the velocity amd acceleration functions.
(b) When is the particle moving upward and when is it moving

— downward?
67-74 O Find f' in terms of g'. / (c¢) Find the distance that the particle travels in the time inter-
{ . = t=3.
(9 = g0 @ /(0= g0) |/ Mo =13
. . . 2 .
9. | _ 2 70. - 86. The volume of a right circular cone is V = wr’h/3, where r is
> f) =[] 7@ = glgl) the radius of the base and k is the height.
(\31 f(x) = gle”) 2. f(x) = e (a) Find the rate of change of the volume with respect to the
73 () =In | g( %) M. f(x) = g(ln x) height if the radius is constant.
NG . . . . . . . . . . . (b) Find the rate of change of the volume with respect to the
75-77 0 Find /' in terms of f’ and g'. radius if the height is constant.
Fx)g(x) f(x) 87. The mass of part of a wire is x(l + \/;) kilograms, where x is
B h(x) =—""T"— 6. h(x) = measured in meters from one end of the wire. Find the linear
f) + g g(x) s ‘

) (o ) density of the wire when x = 4 m.
71. h(x) = f(g(sin 4x
. . . . 88. The cost, in dollars, of producing x units of a certain commod-

EE 78. (a) Graph the function f(x) = x — 2 sin x in the viewing rect- ity is
angle [0, 8] by [-2, 8]. C(x) = 920 + 2x — 0.02x* + 0.00007x>
(b) On which interval is the average rate of change larger:
[1,2]or {2, 3]? (a) Find the marginal cost function.
(c) At which value of x is the instantaneous rate of change (b) Find C'(100) and explain its meaning.
larger: x = 2 or x = 57 (c) Compare C'(100) with the cost of producing the 101st
(d) Check your visual estimates in part (c) by computing f'(x) item.
and comparing the numerical values of f(2) and f(5). 89. The volume of a cube is increasing at a rate of 10 cm?/min.
79. At what point on the curve y = [In{x + 4)]* is the tangent How fast is the surface area increasing when the length of an
horizontal? edge is 30 cm?
« . . .
80. 1nd an equation of the tangent to the curve y = ¢” that is 90. A paper cup has the shape of a cone with height 10 cm and
parallel to the line x — 4y = 1. radius 3 cm (at the top). If water is poured into the cup at a
(b) Find an equation of the tangent to the curve y = e” that rate of 2 cm’/s, how fast is the water level rising when the

passes through the origin. water is 5 cm deep?
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91. A balloon is rising at a constant speed of 5 ft/s. A boy is 96. Evaluate dyif y = x* — 2x> + 1, x = 2, and dx = 0.2.
cycling along a straight road at a speed of 15 ft/s. When he
passes under the balloon it is 45 ft above him. How fast is the
distance between the boy and the balloon increasing 3 s later?

97. A window has the shape of a square surmounted by a semi-
circle. The base of the window is measured as having width
60 cm with a possible error in measurement of 0.1 cm. Use
92. A waterskier skis over the ramp shown in the figure at a speed differentials to estimate the maximum error possible in
of 30 ft/s. How fast is she rising as she leaves the ramp? computing the area of the window.

S

98-100 = Express the limit as a derivative and evaluate.

— 71 V16 + h—2
98. lim 9. lim Y ——=
| s =1 x— 1 r—0 h
{ |
' 51t ' . cos§—05
100. lim ————
o—>n/3 0 — 7/3
93. The angle of elevation of the sun is decreasing at a rate of - . . . . . . . . . .
0.25 rad/h. How fast is the shadow cast by a 400-ft-tall build- JTFnx— JTFsnx ,
ing increasing when the angle of elevation of the sun is 7/6? 101. Evaluate }131) = )

% 94. (a) Find the linear approximation to f(x) = /25 — x2 near 3.

(b) Tllustrate part (a) by graphing f and the lincar 102. Suppose f is a differentiable function such that f(g(x)) = x.

and f'(x) = 1 + [f(x)]>. Show that g'(x) = 1/(1 + x?).

approximation.
(c) For what values of x is the linear approximation accurate 103. Find f'(x) if it is known that
to within 0.1? p
95. (a) Find the linearization of f(x) = ¥/1 + 3x at a = 0. State T [fex]=x*
the corresponding linear approximation and use it to give
an approximate value for /1.03. 104. Show that the length of the portion of any tangent line to the
BE  (b) Determine the values of x for which the linear approxima- astroid x° + y¥* = g%? cut off by the coordinate axes is

tion given in part (a) is accurate to within 0.1. constant.



